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Arithmeti neighbourhoods of numbers
Apoloniusz Tyszka
Abstrat. Let K be a ring and let A be a subset of K . We say that a map
f : A → K is arithmeti if it satises the following onditions: if 1 ∈ A then
f(1) = 1, if a, b ∈ A and a + b ∈ A then f(a + b) = f(a) + f(b), if a, b ∈ A and
a · b ∈ A then f(a · b) = f(a) · f(b). We all an element r ∈ K arithmetially xed
if there is a nite set A ⊆ K (an arithmeti neighbourhood of r inside K ) with
r ∈ A suh that eah arithmeti map f : A → K xes r, i.e. f(r) = r. We prove:
for innitely many integers r for some arithmeti neighbourhood of r inside Z this
neighbourhood is a neighbourhood of r inside R and is not a neighbourhood of r
inside Z[
√−1]; for innitely many integers r for some arithmeti neighbourhood of r
inside Z this neighbourhood is not a neighbourhood of r inside Q; if K = Q(
√
5)
or K = Q(
√
33), then for innitely many rational numbers r for some arithmeti
neighbourhood of r inside Q this neighbourhood is not a neighbourhood of r insideK ;
for eah n ∈ (Z ∩ [3,∞)) \ {22, 23, 24, ...} there exists a nite set J (n) ⊆ Q suh that
J (n) is a neighbourhood of n inside R and J (n) is not a neighbourhood of n inside C.
Let K be a ring and let A be a subset of K . We say that a map f : A → K is
arithmeti if it satises the following onditions:
(1) if 1 ∈ A then f(1) = 1,
(2) if a, b ∈ A and a + b ∈ A then f(a+ b) = f(a) + f(b),
(3) if a, b ∈ A and a · b ∈ A then f(a · b) = f(a) · f(b).
We all an element r ∈ K arithmetially xed if there is a nite set A ⊆ K (an
arithmeti neighbourhood of r insideK ) with r ∈ A suh that eah arithmeti map f :
A→ K xes r, i.e. f(r) = r. All previous artiles on arithmeti neighbourhoods ([15℄,
[5℄, [16℄) dealt with a desription of a situation where for an element in a eld there
exists an arithmeti neighbourhood. If K is a eld, then any r ∈ K is arithmetially
xed if and only if {r} is existentially rst-order denable in the language of rings
without parameters ([16℄). Therefore, presentation of the arithmeti neighbourhood
of the element r belonging to the eld K is the simplest way of expression that {r}
is existentially denable in K .
2000 Mathematis Subjet Classiation: 12E99, 12L12, 11D99. Key words and phrases: Ba-
het's equation, Mordell's equation, integer (rational) solutions of the equation x
3 = y2 + 2, integer
solutions of the equation x
2 + y2 + 1 = xyz, rational solutions of the equation x3 = y2 + 432.
We want to nd integers r with property (4), integers r with property (5), and
rational numbers r with property (6).
(4) Eah arithmeti neighbourhood of r inside Z is also a neighbourhood of r inside
eah ring extending Z.
(5) Eah arithmeti neighbourhood of r inside Z is also a neighbourhood of r insideQ.
(6) Eah arithmeti neighbourhood of r inside Q is also a neighbourhood of r inside
eah ring extending Q.
Obviously, ondition (4) implies ondition (5).
By ondition (1) for any ring K eah arithmeti neighbourhood of 1 inside K
is also a neighbourhood of 1 inside eah ring extending K . Sine 0 + 0 = 0, by
ondition (2) for any ring K eah arithmeti neighbourhood of 0 inside K is also a
neighbourhood of 0 inside eah ring extending K .
We prove that for any ring K with 2 6= 0 eah arithmeti neighbourhood of 2
inside K is also a neighbourhood of 2 inside eah ring L extending K . Assume
that A is an arithmeti neighbourhood of 2 inside K and f : A→ L is an arithmeti
map. Then 1 ∈ A, beause in the opposite ase the arithmeti map A→ {0} moves 2,
whih is impossible. Sine f satises onditions (1) and (2), we get f(2) = f(1+1) =
f(1) + f(1) = 1 + 1 = 2.
We prove that for any ring K with
1
2
∈ K eah arithmeti neighbourhood of 1
2
inside K is also a neighbourhood of
1
2
inside eah ring L extending K . Assume that
A is an arithmeti neighbourhood of 1
2
inside K and f : A→ L is an arithmeti map.
Then 1 ∈ A, beause in the opposite ase the arithmeti map A→ {0}moves 1
2
, whih
is impossible. Sine f satises onditions (1) and (2), we get 1 = f(1) = f(1
2
+ 1
2
) =
f(1
2
) + f(1
2
). Hene, f(1
2
) = 1
2
.
The above results imply that the numbers r = 1, r = 0, r = 2 satisfy ondi-
tions (4)(6), and r = 1
2
satises ondition (6).
Let K be an algebraially losed eld and r ∈ K is arithmetially xed. Then r
belongs to the prime eld in K , see [16℄, f. [15℄. Let A = {x1, ..., xn} be a neighbour-
hood of r, xi 6= xj if i 6= j, and x1 = r. We hoose all formulae xi = 1 (1 ≤ i ≤ n),
xi + xj = xk, xi · xj = xk (1 ≤ i ≤ j ≤ n, 1 ≤ k ≤ n) that are satised in A. Joining
these formulae with onjuntions we get some formula Φ. Let V denote the set of
2
variables in Φ. Sine A is a neighbourhood of r inside K , we have
K |= ... ∀xs ...︸ ︷︷ ︸
xs∈{x1}∪V
(Φ⇒ x1 = r)
Of ourse, {x1}∪V = V ([15, the proof of Theorem 2℄ and [16, the proof of Theorem 1℄)
but this equality will not be used later.
Proposition 1. Let K be an algebraially losed eld and r ∈ K is arithmetially
xed. Then eah arithmeti neighbourhood of r insideK is also a neighbourhood of r
inside eah integral domain D extending K .
Proof. We give a model-theoreti proof, an alternative proof follows from Hilbert's
Nullstellensatz. Let A be a neighbourhood of r insideK . Let D1 denote the algebrai
losure of the fration eld of D . It sues to prove that A is a neighbourhood of r
inside D1. Sine K is a subeld of D1 and every embedding between algebraially
losed elds is elementary ([6, pp. 103 and 57℄, we obtain
D1 |= ... ∀xs ...︸ ︷︷ ︸
xs∈{x1}∪V
(Φ⇒ x1 = r)
It implies that A is a neighbourhood of r inside D1.

Let T denote the elementary theory of integral domains of harateristi 0.
Proposition 2. Let K be an algebraially losed eld that extends Q and r ∈ K is
arithmetially xed.
(I) If r = 0, then
T ⊢ ... ∀xs ...︸ ︷︷ ︸
xs∈{x1}∪V
(Φ⇒ x1 = 0)
(II) If r = k
w
for some k, w ∈ {1, 2, 3, ...}, then
T ⊢ ... ∀xs ...︸ ︷︷ ︸
xs∈{x1}∪V
(Φ⇒ (1 + ... + 1)︸ ︷︷ ︸
w−times
·x1 = 1 + ...+ 1︸ ︷︷ ︸
k−times
)
(III) If r = − k
w
for some k, w ∈ {1, 2, 3, ...}, then
T ⊢ ... ∀xs ...︸ ︷︷ ︸
xs∈{x1}∪V
(Φ⇒ (1 + ...+ 1)︸ ︷︷ ︸
w−times
·x1 + 1 + ... + 1︸ ︷︷ ︸
k−times
= 0)
Proof. We prove (II) and omit similar proofs of (I) and (III). It sues to prove
that the sentene
... ∀xs ...︸ ︷︷ ︸
xs∈{x1}∪V
(Φ⇒ (1 + ... + 1)︸ ︷︷ ︸
w−times
·x1 = 1 + ...+ 1︸ ︷︷ ︸
k−times
)
3
holds true in eah integral domain of harateristi 0. LetG be any integral domain of
harateristi 0. Let G1 denote the algebrai losure of the fration eld of G. There
exists an algebraially losed eld M suh that both K and G1 embed into M . Of
ourse,
K |= ... ∀xs ...︸ ︷︷ ︸
xs∈{x1}∪V
(Φ⇒ (1 + ...+ 1)︸ ︷︷ ︸
w−times
·x1 = 1 + ... + 1︸ ︷︷ ︸
k−times
)
Sine every two algebraially losed elds of the same harateristi are elementary
equivalent [6, p. 57℄, we obtain
M |= ... ∀xs ...︸ ︷︷ ︸
xs∈{x1}∪V
(Φ⇒ (1 + ... + 1)︸ ︷︷ ︸
w−times
·x1 = 1 + ...+ 1︸ ︷︷ ︸
k−times
)
Sine G embeds into M , we obtain
G |= ... ∀xs ...︸ ︷︷ ︸
xs∈{x1}∪V
(Φ⇒ (1 + ...+ 1)︸ ︷︷ ︸
w−times
·x1 = 1 + ... + 1︸ ︷︷ ︸
k−times
)

Let n ∈ Z, n ≥ 3, Sn = {1, 10, 20, 30} ∪ {3, 32, 33, ..., 3n}, S =
∞⋃
n=3
Sn.
Theorem 1. There is an arithmeti map γ : S → Z[√−1] whih moves all r ∈ S \ {1}.
For eah r ∈ Sn \ {1} we have:
(7) Sn is an arithmeti neighbourhood of r inside R, and so too inside Q and Z,
(8) Sn is not an arithmeti neighbourhood of r inside Z[
√−1].
Proof. We prove (7). Assume that f : Sn → R is an arithmeti map. Then,
f(1) = 1,
f(9) = f(3 · 3) = f(3) · f(3) = (f(3))2,
f(27) = f(3 · 9) = f(3) · f(9) = f(3) · (f(3))2 = (f(3))3,
f(30) = f(27 + 3) = f(27) + f(3) = (f(3))3 + f(3),
f(10) = f(9 + 1) = f(9) + f(1) = (f(3))2 + 1,
f(20) = f(10 + 10) = f(10) + f(10) = (f(3))2 + 1 + (f(3))2 + 1 = 2 · (f(3))2 + 2,
f(30) = f(20 + 10) = f(20) + f(10) = 2 · (f(3))2 + 2 + (f(3))2 + 1 = 3 · (f(3))2 + 3.
Therefore, (f(3))3 + f(3) = 3 · (f(3))2 + 3. Hene (f(3) − 3) · ((f(3))2 + 1) = 0.
Thus f(3) = 3, and by indution we obtain f(3k) = 3k for eah k ∈ {1, 2, 3, ..., n}.
Consequently,
f(10) = f(9 + 1) = f(9) + f(1) = 9 + 1 = 10,
4
f(20) = f(10 + 10) = f(10) + f(10) = 10 + 10 = 20,
f(30) = f(20 + 10) = f(20) + f(10) = 20 + 10 = 30.
We have proved (7). We dene γ : S → Z[√−1] as
{(1, 1), (10, 0), (20, 0), (30, 0)} ∪ {(3,√−1), (32, (√−1)2), (33, (√−1)3), ...}
The map γ is arithmeti and γ moves all r ∈ S \ {1}, so ondition (8) holds true.

We state a similar result without a proof. Let n ∈ Z, n ≥ 1,
Tn = {−2, 1, 5, 10, 20} ∪ {41, ..., 4n}, T =
∞⋃
n=1
Tn. Let us dene τ : T → Z[
√−1] as{
(−2,√−1), (1, 1), (5, 0), (10, 0), (20, 0)} ∪ {(4,−1), (42, 1), (43,−1), (44, 1), ...}
The map τ is arithmeti and τ moves all r ∈ T \ {1}. For eah r ∈ Tn \ {−2, 1} we
have:
Tn is an arithmeti neighbourhood of r inside R, and so too inside Q and Z,
Tn is not an arithmeti neighbourhood of r inside Z[
√−1].
Remark 1. By Theorem 1 for innitely many integers r fail both onditions (4)
and (6). In Theorems 5, 6, and 7 we desribe some other rational numbers r without
property (6).
Let n ∈ Z, n ≥ 3, Bn = {1, 5, 25, 26} ∪ {3, 32, 33, ..., 3n}, B =
∞⋃
n=3
Bn.
Theorem 2. There is an arithmeti map φ : B → Q whih moves all r ∈ B \ {1}.
For eah r ∈ Bn \ {1, 5} we have:
(9) Bn is an arithmeti neighbourhood of r inside Z,
(10) Bn is not an arithmeti neighbourhood of r inside Q.
Proof. We prove (9). Assume that f : Bn → Z is an arithmeti map. Then,
f(1) = 1,
f(9) = f(3 · 3) = f(3) · f(3) = (f(3))2,
f(27) = f(3 · 9) = f(3) · f(9) = f(3) · (f(3))2 = (f(3))3,
f(25) = f(5 · 5) = f(5) · f(5) = (f(5))2,
f(26) = f(25 + 1) = f(25) + f(1) = (f(5))2 + 1,
f(27) = f(26 + 1) = f(26) + f(1) = (f(5))2 + 1 + 1 = (f(5))2 + 2.
Therefore, (f(3))3 = f(27) = (f(5))2 +2. The equation x3 = y2 +2 has (3,±5) as its
only integer solutions, see [17, p. 398℄, [8, p. 124℄, [12, p. 104℄, [9, p. 66℄, [11, p. 57℄.
Thus, f(3) = 3 and f(5) = ±5. Hene, f(25) = f(5 · 5) = f(5) · f(5) = (±5)2 = 25,
f(26) = f(25+ 1) = f(25) + f(1) = 25+ 1 = 26. Sine f(3) = 3, we get by indution
f(3k) = 3k for eah k ∈ {1, 2, 3, ..., n}. We have proved (9). The equation x3 = y2+2
5
has a rational solution (129
100
, 383
1000
), see [2, p. 173℄, [13, p. 2℄, [9 p. 66℄, [11, p. 57℄.
We dene φ : B → Q as{
(1, 1) ,
(
5,
383
1000
)
,
(
25,
(
383
1000
)2)
,
(
26,
(
383
1000
)2
+ 1
)}
∪{(
3,
129
100
)(
32,
(
129
100
)2)
,
(
33,
(
129
100
)3)
, ...
}
The map φ is arithmeti and φ moves all r ∈ B \ {1}, so ondition (10) holds true.

We present a simpler ounterexample for r = −1. Let G = {−4,−1, 1, 3, 9, 12, 16},
η : G → Q, η = {(−4, 1
2
)
, (−1, 1), (1, 1), (3, 1
2
)
,
(
9, 1
4
)
,
(
12, 3
4
)
,
(
16, 1
4
)}
. The map η
is arithmeti and η moves −1. We prove that G is an arithmeti neighbourhood of −1
inside Z. Assume that f : G→ Z is an arithmeti map. Sine
f(−1) = f(−4 + 3) = f(−4) + f(3),
we get f(−4) = f(−1)− f(3). Hene,
f(16) = f((−4) · (−4)) = f(−4) · f(−4) = (f(−1)− f(3))2,
f(12) = f(−4 + 16) = f(−4) + f(16) = f(−1)− f(3) + (f(−1)− f(3))2.
Sine 1 = f((−1) · (−1)) = f(−1) · f(−1), we get f(−1) = ±1. Assume, on the
ontrary, that f(−1) = 1. Thus,
1− f(3) + (1− f(3))2 = f(12) = f(3 + 3 · 3) = f(3) + f(3 · 3) = f(3) + (f(3))2
Solving this equation for f(3) we obtain 2 · f(3) = 1, a ontradition.
Let Y = {−4,−1, 1, 3, 9, 12, 14, 16, 20, 180, 196}, κ : Y → Q(√3),
κ =
{(−4, 1
2
)
, (−1, 1), (1, 1),
(
3,
1
2
)
,
(
9,
1
4
)
,
(
12,
3
4
)
,
(
14,
√
3
4
)
,
(
16,
1
4
)
,
(
20,−1
4
)
,
(
180,− 1
16
)
,
(
196,
3
16
)}
The map κ is arithmeti and κ moves −1. We prove that Y is an arithmeti neigh-
bourhood of −1 inside Q. Let f : Y → Q be an arithmeti map, and assume,
on the ontrary, that f(−1) = 1. As previously, we onlude that f(3) = 1
2
and
f(−4) = f(−1)− f(3) = 1− 1
2
= 1
2
. Hene,
f(9) = f(3 · 3) = f(3) · f(3) = 1
2
· 1
2
= 1
4
,
f(16) = f((−4) · (−4)) = f(−4) · f(−4) = 1
2
· 1
2
= 1
4
.
Sine f(16) = f(−4 + 20) = f(−4) + f(20),
we get f(20) = f(16)− f(−4) = 1
4
− 1
2
= −1
4
. Therefore,
6
f(180) = f(9 · 20) = f(9) · f(20) = 1
4
· (−1
4
) = − 1
16
,
(f(14))2 = f(14 ·14) = f(180+16) = f(180)+f(16) = − 1
16
+ 1
4
= 3
16
, a ontradition.
Let M = {−4,−1, 1, 3, 5, 9, 11, 42, 45, 121, 126}, χ : M → Z[√−1],
χ = {(−4, 0), (−1, 1), (1, 1), (3, 1), (5, 1), (9, 1), (11,√−1), (42, 0), (45, 1), (121,−1), (126, 0)}
The map χ is arithmeti and χ moves −1. We prove that M is an arithmeti neigh-
bourhood of −1 inside R. Let f : M → R be an arithmeti map, and assume,
on the ontrary, that f(−1) = 1. Sine 1 = f(−4 + 3) = f(−4) + f(3), we get
f(−4) = 1− f(3). Hene
1 = f(−4 + 5) = f(−4) + f(5) = 1− f(3) + f(−4 + 3 · 3) =
1− f(3) + f(−4) + f(3 · 3) = 1− f(3) + 1− f(3) + (f(3))2
Solving this equation for f(3) we obtain f(3) = 1. Therefore,
f(−4) = 1− f(3) = 1− 1 = 0,
f(5) = 0 + f(5) = f(−4) + f(5) = f(−4 + 5) = 1,
f(9) = f(3 · 3) = f(3) · f(3) = 1 · 1 = 1,
f(45) = f(5 · 9) = f(5) · f(9) = 1 · 1 = 1.
Sine f(45) = f(3 + 42) = f(3) + f(42) = 1 + f(42), we get f(42) = f(45) − 1 =
1−1 = 0. Thus, f(126) = f(3 ·42) = f(3) ·f(42) = 1 ·0 = 0. Sine 0 = f(5+11 ·11) =
f(5) + f(11 · 11) = 1 + (f(11))2, we get (f(11))2 = −1, a ontradition.
Remark 2. By Theorem 2 innitely many integers r do not satisfy ondition (5).
Considering the equation x2 + 2y2 = 1025 one an prove that the numbers r = 152,
r = 202, r = 2·202 do not satisfy ondition (5). Considering the equation x2+y2 = 218
one an prove that r = 72 ·132 does not satisfy ondition (5). Considering the equation
x2 + y2 = 1021 one an prove that r = 112 · 302 does not satisfy ondition (5).
Let w denote the unique real root of the polynomial x3 − x2 − x− 3.
Theorem 3. There is an arithmeti map ψ : {−4} ∪ B → Q(w) whih moves all
r ∈ {−4} ∪ B \ {1}. For eah r ∈ {−4} ∪ Bn \ {1} we have:
(11) {−4} ∪Bn is an arithmeti neighbourhood of r inside Q,
(12) {−4} ∪Bn is not an arithmeti neighbourhood of r inside Q(w).
Proof. We prove (11). Assume that f : {−4} ∪Bn → Q is an arithmeti map. Sine
1 = f(1) = f(−4 + 5) = f(−4) + f(5), we get
f(−4) = 1− f(5) (13)
7
Hene,
f(5) = f(−4 + (3 · 3)) = f(−4) + f(3 · 3) = f(−4) + f(3) · f(3) = 1− f(5) + (f(3))2.
Therefore,
f(5) =
1 + (f(3))2
2
(14)
From equations (13) and (14), we obtain
f(−4) = 1− f(5) = 1− 1 + (f(3))
2
2
=
1− (f(3))2
2
(15)
Proeeding exatly as in the proof of Theorem 2, we obtain (f(3))3 = (f(5))2+2. By
this and equation (14), we get
(f(3))3 =
(
1 + (f(3))2
2
)2
+ 2 (16)
Equation (16) is equivalent to the equation
(f(3)− 3) · ((f(3))3 − (f(3))2 − f(3)− 3) = 0
The equation x3−x2−x−3 = 0 has no rational solutions, so we must have f(3) = 3.
By indution we get f(3k) = 3k for eah k ∈ {1, 2, 3, ..., n}. Knowing that f(3) = 3,
from equations (15) and (14) we obtain:
f(−4) = 1− (f(3))
2
2
=
1− 32
2
= −4
f(5) =
1 + (f(3))2
2
=
1 + 32
2
= 5
Consequently,
f(25) = f(5 · 5) = f(5) · f(5) = 5 · 5 = 25
f(26) = f(25 + 1) = f(25) + f(1) = 25 + 1 = 26
The proof of (11) is ompleted. We dene ψ : {−4} ∪B → Q(w) as{(
−4, 1− w
2
2
)
, (1, 1) ,
(
5,
1 + w2
2
)
,
(
25,
(
1 + w2
2
)2)
,
(
26,
(
1 + w2
2
)2
+ 1
)}
∪{
(3, w) ,
(
32, w2
)
,
(
33, w3
)
, ...
}
The map ψ is arithmeti and ψ moves all r ∈ {−4}∪B \ {1}, so ondition (12) holds
true.

8
Let n ∈ Z, n ≥ 1, Cn = {1, 3, 5, 13, 25, 65, 169, 194, 195} ∪ {9, 92, 93, ..., 9n}, C =
∞⋃
n=1
Cn.
Theorem 4. There is an arithmeti map g : C → Q whih moves all r ∈ C \ {1}.
(17) Cn is an arithmeti neighbourhood inside Z for 9, 9
2
, 93, ..., 9n,
(18) Cn is not an arithmeti neighbourhood inside Q for 9, 9
2
, 93, ..., 9n.
Proof. We prove (17). Assume that f : Cn → Z is an arithmeti map. Then,
(f(5))2+(f(13))2+1 = f(52)+f(132)+f(1) = f(52+132)+f(1) = f(52+132+1) =
f((5 · 13) · 3) = f(5 · 13) · f(3) = f(5) · f(13) · f(3).
If integers x, y, z satisfy x2+ y2+1 = xyz then z = ±3, see [8, p. 299℄, [9, pp. 5859℄,
[10, p. 31℄, [11, pp. 5152℄, [1℄, f. Theorem 4 in [7, p. 218℄. Thus, f(3) = ±3. Hene
f(9) = f(3 · 3) = f(3) · f(3) = (±3)2 = 9, and by indution we obtain f(9k) = 9k for
eah k ∈ {1, 2, 3, ..., n}. The proof of (17) is ompleted. We dene g : C → Q as{
(1, 1),
(
3,
9
4
)
, (5, 2), (13, 2), (25, 4), (65, 4), (169, 4), (194, 8), (195, 9)
}
∪{(
9,
81
16
)
,
(
92,
(
81
16
)2)
,
(
93,
(
81
16
)3)
, ...,
(
9n,
(
81
16
)n)}
The map g is arithmeti and g moves all r ∈ C \ {1}, so ondition (18) holds true.

We know (see Theorem 2 or Theorem 4) that innitely many integers r do not
satisfy ondition (5). Now, we sketh a more elementary (but longer) proof of this
fat. Let n ∈ Z, n ≥ 3,
Hn = {1, 2, 4, 16, 60, 64, 3600, 3604, 3620, 3622, 3623, 73 · 132, 73 · 132 + 1} ∪
{13, 132, 7, 72, 73, ..., 7n}
Hn is an arithmeti neighbourhood inside Z for eah r ∈ Hn \ {13}. Hn is not an
arithmeti neighbourhood inside Q for 13, 132, 7, 72, 73, ..., 7n. The proofs follow
from the following observations:
73 · 132 + 1 = 16 · 3623
∀x, y ∈ Z (x3 · y2 = 73 · 132 ⇒ (x = 7 ∧ y = ±13))
(7
4
)3 · (8 · 13)2 = 73 · 132
9
Theorem 5. Let
D =
{−36, 1
2
, 1, 2, 5
2
, 5, 12, 25, 50, 100, 122, 200, 400, 425, 430, 432, 362, 123
}
.
(19) D is an arithmeti neighbourhood inside Q for 12, 122, 362, 123,
(20) D is not an arithmeti neighbourhood inside Q(
√
5) for 12, 122, 362, 123.
Proof. We prove (19). Assume that f : D → Q is an arithmeti map. Then, f(1) = 1
and f(2) = f(1+1) = f(1)+f(1) = 1+1 = 2. Sine 1 = f(1) = f(1
2
+ 1
2
) = f(1
2
)+f(1
2
),
we get f(1
2
) = 1
2
. Knowing f(1
2
) and f(2), we alulate
f(5
2
) = f(2 + 1
2
) = f(2) + f(1
2
) = 2 + 1
2
= 5
2
,
f(5) = f(5
2
+ 5
2
) = f(5
2
) + f(5
2
) = 5
2
+ 5
2
= 5,
f(25) = f(5 · 5) = f(5) · f(5) = 5 · 5 = 25,
f(50) = f(25 + 25) = f(25) + f(25) = 25 + 25 = 50,
f(100) = f(50 + 50) = f(50) + f(50) = 50 + 50 = 100,
f(200) = f(100 + 100) = f(100) + f(100) = 100 + 100 = 200,
f(400) = f(200 + 200) = f(200) + f(200) = 200 + 200 = 400,
f(425) = f(400 + 25) = f(400) + f(25) = 400 + 25 = 425,
f(430) = f(425 + 5) = f(425) + f(5) = 425 + 5 = 430,
f(432) = f(430 + 2) = f(430) + f(2) = 430 + 2 = 432.
Therefore, (f(12))3 = (f(12) · f(12)) · f(12) = f(12 · 12) · f(12) = f((12 · 12) · 12) =
f((−36)2+432) = f((−36)2)+f(432) = (f(−36))2+432. The equation x3 = y2 + 432
has (12,±36) as its only rational solutions, see [3℄, [12, p. 107℄, [2, p. 174℄, [4, p. 296℄,
[8, p. 247℄, [14, p. 54℄. Thus, f(12) = 12 and f(−36) = ±36. Hene, f(122) =
f(12) · f(12) = 122, f(123) = f(12 · 122) = f(12) · f(122) = 12 · 122 = 123, f(362) =
f((−36) · (−36)) = f(−36) · f(−36) = (±36)2 = 362. The proof of (19) is ompleted.
We nd that 83 = (4 · √5)2 + 432 and we dene h : D → Q(√5) as{
(−36, 4 ·
√
5), (12, 8), (122, 82), (362, 80), (123, 83)
}
∪
id
({
1
2
, 1, 2,
5
2
, 5, 25, 50, 100, 200, 400, 425, 430, 432
})
We summarize the hek that h is arithmeti. Obviously, h(1) = 1. To hek the
ondition
∀x, y, z ∈ D (x+ y = z ⇒ h(x) + h(y) = h(z))
it is enough to onsider all the triples (x, y, z) ∈ D×D×D for whih x+y = z, x ≤ y,
and h is not the identity on {x, y, z}. There is only one suh triple: (432, 362, 123).
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To hek the ondition
∀x, y, z ∈ D (x · y = z ⇒ h(x) · h(y) = h(z))
it is enough to onsider all the triples (x, y, z) ∈ D×D×D for whih x · y = z, x ≤ y,
x 6= 1, y 6= 1, and h is not the identity on {x, y, z}. These triples are as follows:
(−36,−36, 362), (12, 12, 122), (12, 122, 123)
The sentene (20) is true beause h is arithmeti and h moves 12, 122, 362, 123.

Corollary. Let us dene by indution the nite sets Dn ⊆ Q (n = 0, 1, 2, ...). Let
D0 = D, dn denote the greatest number in Dn, Dn+1 = Dn ∪ {d2n}. For eah n ∈
{0, 1, 2, ...} we have:
Dn is an arithmeti neighbourhood of dn inside Q,
Dn is not an arithmeti neighbourhood of dn inside Q(
√
5).
Let u = −1±
√
33
8
, n ∈ Z, n ≥ 3, En =
{
1
2
, 1, 3
2
, 9
4
}∪ {9,−2, (−2)2, (−2)3, ..., (−2)n},
E =
∞⋃
n=3
En.
Theorem 6. There is an arithmeti map σ : E → Q(√33) whih moves 9 and all the
numbers (−2)k, where k ∈ {1, 2, 3, ...}. For eah r ∈ En \ {12 , 1, 32 , 94} we have:
(21) En is an arithmeti neighbourhood of r inside Q,
(22) En is not an arithmeti neighbourhood of r inside Q(
√
33).
Proof. We prove (21). Assume that f : En → Q is an arithmeti map.
Sine 1 = f(1
2
+ 1
2
) = f(1
2
) + f(1
2
), we get f(1
2
) = 1
2
. Hene,
f(3
2
) = f(1 + 1
2
) = f(1) + f(1
2
) = 1 + 1
2
= 3
2
. Thus,
f(9
4
) = f(3
2
· 3
2
) = f(3
2
) · f(3
2
) = 3
2
· 3
2
= 9
4
. Therefore,
f(9) = f(9
4
· 4) = f(9
4
) · f((−2) · (−2)) = 9
4
· (f(−2))2. It implies that
1 = f(−2 · 4 + 9) = f(−2 · 4) + f(9) = f(−2) · f(4) + 9
4
· (f(−2))2 =
f(−2) · f(−2 · (−2)) + 9
4
· (f(−2))2 = (f(−2))3 + 9
4
· (f(−2))2
Solving this equation for f(−2) we obtain f(−2) = −2, the only rational root. An-
other roots are
−1−√33
8
and
−1+√33
8
. Knowing f(−2), we alulate
f(9) = 9
4
· (f(−2))2 = 9
4
· (−2)2 = 9
Applying indution, we obtain f((−2)k) = (−2)k for eah k ∈ {1, 2, 3, ..., n}. We have
proved (21). We dene σ : E → Q(√33) as
id
({
1
2
, 1,
3
2
,
9
4
})
∪
{(
9,
9
4
· u2
)
, (−2, u) , ((−2)2, u2) , ((−2)3, u3) , ...}
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The map σ is arithmeti and σ moves all r ∈ En \ {12 , 1, 32 , 94}, so ondition (22) holds
true.

Theorem 7 whih follows is more general than the previous ones. Let n be an
integer, and assume that n ≥ 3 and n 6∈ {22, 23, 24, ...}. We nd the smallest integer
ρ(n) suh that n3 ≤ 2ρ(n). From the denition of ρ(n) we obtain 2ρ(n)−1 < n3. It gives
2ρ(n) = 2 · 2ρ(n)−1 < 2 · n3 < n · n3 = n4
Sine n3 ≤ 2ρ(n) < n4, 2ρ(n) has four digits in the number system with base n. Let
2ρ(n) = m3 · n3 +m2 · n2 +m1 · n +m0
where m3 ∈ {1, 2, ..., n− 1} and m2, m1, m0 ∈ {0, 1, 2, ..., n− 1}. Let
J (n) =
{
−1, 0, 1, − 1
2
, − 1
22
, − 1
23
, ..., − 1
2ρ(n)
, n, n2
}
∪{
k · n3 : k ∈ {1, 2, ..., m3}
} ∪
{m3 · n3 + k · n2 : k ∈ {1, 2, ..., m2}} ∪
{m3 · n3 +m2 · n2 + k · n : k ∈ {1, 2, ..., m1}} ∪
{m3 · n3 +m2 · n2 +m1 · n+ k : k ∈ {1, 2, ..., m0}}
Of ourse, {2ρ(n), 2ρ(n) − 1, 2ρ(n) − 2, ..., 2ρ(n) −m0} ⊆ J (n).
Theorem 7. J (n) is an arithmeti neighbourhood of n inside R, and so too inside Q.
J (n) is not an arithmeti neighbourhood of n inside C.
Proof. Assume that f : J (n) → R is an arithmeti map. Sine 0 + 0 = 0, f(0) = 0.
Sine f(0) = 0 and −1 + 1 = 0, f(−1) = −1. Sine
−1 = f (−1) = f
((
−1
2
)
+
(
−1
2
))
= f
(
−1
2
)
+ f
(
−1
2
)
we get f
(−1
2
)
= −1
2
. Hene, from −1
2
=
(−1
4
)
+
(−1
4
)
we obtain f
(−1
4
)
= −1
4
.
Applying indution we obtain f
(− 1
2ρ(n)
)
= − 1
2ρ(n)
. We have
−1 = f (−1) = f
(
2ρ(n) ·
(
− 1
2ρ(n)
))
= f
(
2ρ(n)
)·f (− 1
2ρ(n)
)
= f(2ρ(n))·
(
− 1
2ρ(n)
)
Hene f(2ρ(n)) = 2ρ(n). Applying indution we get
2ρ(n) = f(2ρ(n)) = f(m3·n3+m2·n2+m1·n+m0) = m3·(f(n))3+m2·(f(n))2+m1·f(n)+m0
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We want to prove that f(n) = n. It sues to show that the funtion
R ∋ x ζ−→ m3 · x3 +m2 · x2 +m1 · x+m0 ∈ R
takes the value 2ρ(n) only for x = n. Sine ζ is stritly inreasing in the interval [0,∞),
for eah x ∈ [0, n) we have ζ(x) < ζ(n) = 2ρ(n), and for eah x ∈ (n,∞) we have
ζ(x) > ζ(n) = 2ρ(n). We show that ζ does not reah the value 2ρ(n) for x ∈ (−∞, 0].
For eah x ∈ (−∞, 0] we have
ζ(x) = m3 · x3 +m2 · x2 +m1 · x+m0 ≤ x3 + (n− 1) · x2 + n− 1 (23)
By (23), if x ∈ (−∞,−n + 1] then
ζ(x) ≤ x3 + (n− 1) · x2 + n− 1 = (x+ n− 1) · x2 + n− 1 ≤ n− 1 < n3 ≤ 2ρ(n)
Thus, ζ(x) 6= 2ρ(n). By (23), if x ∈ [−n + 1, 0] then
ζ(x) ≤ x3 + (n− 1) · x2 + n− 1 ≤ (n− 1) · x2 + n− 1 ≤ (n− 1)3 + n− 1 < n3 ≤ 2ρ(n)
Thus, ζ(x) 6= 2ρ(n). We have proved that f(n) = n. It proves that J (n) is an
arithmeti neighbourhood of n inside R. We prove that J (n) is not an arithmeti
neighbourhood of n inside C. The number n is a single root of the polynomial
m3 · x3 +m2 · x2 +m1 · x+m0 − 2ρ(n)
beause the derivative of this polynomial takes the non-zero value
3 ·m3 · n2 + 2 ·m2 · n+m1 ≥ 3 · n2 ≥ 27
at x = n. Hene the polynomial
m3 · x3 +m2 · x2 +m1 · x+m0 − 2ρ(n)
has two onjugated roots z1, z2 ∈ C\R. Let z = z1 or z = z2. We dene θ : J (n)→ C
as
id
({
−1, 0, 1, − 1
2
, − 1
22
, − 1
23
, ..., − 1
2ρ(n)
})
∪ {(n, z), (n2, z2)} ∪
{(k · n3, k · z3) : k ∈ {1, 2, ..., m3}} ∪
{(m3 · n3 + k · n2, m3 · z3 + k · z2) : k ∈ {1, 2, ..., m2}} ∪
{(m3 · n3 +m2 · n2 + k · n, m3 · z3 +m2 · z2 + k · z) : k ∈ {1, 2, ..., m1}} ∪
{(m3 · n3 +m2 · n2 +m1 · n + k, m3 · z3 +m2 · z2 +m1 · z + k) : k ∈ {1, 2, ..., m0}}
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Of ourse, θ(x) = x for eah x ∈ {2ρ(n), 2ρ(n) − 1, 2ρ(n) − 2, ..., 2ρ(n) − m0}. Sine
θ(n) = z 6= n, θ moves n. We summarize the hek that θ is arithmeti. Obviously,
θ(1) = 1. To hek the ondition
∀x, y, z ∈ J (n) (x+ y = z ⇒ θ(x) + θ(y) = θ(z))
it is enough to onsider all the triples (x, y, z) ∈ J (n) × J (n) × J (n) for whih
x + y = z, x ≤ y, x 6= 0, y 6= 0, and θ is not the identity on {x, y, z}. These triples
are as follows:
(k · n3, l · n3, (k + l) · n3), where k, l, k + l ∈ {1, 2, ..., m3} and k ≤ l,
(n2, m3 · n3 + k · n2, m3 · n3 + (k + 1) · n2), where k, k + 1 ∈ {0, 1, 2, ..., m2},
(n, m3 ·n3+m2 ·n2+k ·n, m3 ·n3+m2 ·n2+(k+1)·n), where k, k+1 ∈ {0, 1, 2, ..., m1}.
To hek the ondition
∀x, y, z ∈ J (n) (x · y = z ⇒ θ(x) · θ(y) = θ(z))
it is enough to onsider all the triples (x, y, z) ∈ J (n) × J (n) × J (n) for whih
x · y = z, x ≤ y, x 6= 1, y 6= 1, x 6= 0, y 6= 0, and θ is not the identity on {x, y, z}.
These triples are as follows: (n, n, n2), (n, n2, n3).

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